Tunneling experiment is a key technique for detecting Majorana fermion in solid state systems. We use Keldysh non-equilibrium Green function method to study multi-lead tunneling in superconducting nanowire with Rashba and Dresselhaus spin-orbit couplings. A zero-bias dc conductance peak appears in our setup which signifies the existence of Majorana fermion and is in accordance with previous experimental results on InSb nanowire. Interestingly, due to the exotic property of Majorana fermion, there exists a hole transmission channel which makes the currents asymmetric at the left and right leads. The ac current response mediated by Majorana fermion is also studied here. To discuss the impacts of Coulomb interaction and disorder on the transport property of Majorana nanowire, we use the renormalization group method to study the phase diagram of the wire. It is found that there is a topological phase transition under the interplay of superconductivity and disorder. We find that the Majorana transport is preserved in the superconducting-dominated topological phase and destroyed in the disorder-dominated non-topological insulator phase.
I. INTRODUCTION
An intensive search is ongoing in experimental realization of topological superconductor for topological quantum computing [1] [2] [3] [4] [5] [6] [7] [8] [9] . The basic idea is to embeds qubit in a nonlocal, intrinsically decoherence-free way. The prototype is a spinless p-wave superconductor [10] [11] [12] . Edge excitations in such a state are Majorana fermions (MFs) which obey non-Abelian statistics and can be manipulated by braiding operations. The nonlocal MFs are robust against local perturbations and have been proposed for topological quantum information processing 13, 14 .
A hybrid semiconducting-superconducting nanostructure has become a mainstream experimental setup recently for realizing topological superconductor and Majorana fermion 6, 7, 15, 16 . The signature of MFs characterized by a zero-bias conductance peak (ZBP) has been reported in the tunneling experiments of the InSb nanowire [17] [18] [19] [20] [21] . Motivated by this, we propose a multi-lead setup for studying the tunneling transport of MFs as shown in Fig. 1 . A spin-orbit coupled InSb nanowire is deposited on an s-wave superconductor. Due to the superconducting proximity effect, the wire is effectively equivalent to the spinless p-wave superconductor and hosts MFs at the ends. The nanowire is then coupled to two normal metal leads so as to measure the currents. For our study, we apply the Keldysh non-equilibrium Green function (NEGF) method to obtain the current response of the tunneling Hamiltonian [22] [23] [24] [25] [26] [27] [28] . Curiously in the multi-lead case, we observe that the currents at left and right leads are asymmetric as shown in Fig. 2 . This is due to the exotic commutation relation of MFs, {γ i , γ j } = 2δ i,j . From another standpoint, the zero-energy fermion b 0 combined by the end-Majorana modes (γ L,R ) is so highly nonlocal, b 0 = (γ L + iγ R )/2, as to make the Majorana transport deviate from the ordinary transport mediated by electron. Dif- ferent from the ordinary one, there is a new transmission channel (hole-channel in Eq. (27) ) in Majorana transport. This makes the left and right currents asymmetric. The current asymmetry may be used as a criterion to further confirm the existence of the Majorana fermion. We also give the ac current response in our work and find that the current is enhanced in step with the increase of level broadening and the decrease of temperature, and finally saturates at high voltage. We use the bosonization and renormalization group (RG) methods to consider the transport property of the Majorana nanowire with shortrange Coulomb interaction and disorder [29] [30] [31] [32] [33] [34] [35] [36] . We observe that there is a topological quantum phase transition under the interplay of superconductivity and disorder. It is found that the Majorana transport is preserved in the superconducting-dominated topological phase and destroyed in the disorder-dominated non-topological insulator phase. The phase diagram and the condition in which the Majorana transport exists are given.
II. MODEL
The model is depicted in Fig. 1 . Two normal metal leads are connected to the superconducting wire through ohmic contacts at the two ends. When the chemical potential of superconducting wire lies within the energy gap, two MFs will appear at the two ends of the wire, respectively. The topological superconducting wire is made of a spin-orbit coupled semiconductor (InSb wire) depositing on an s-wave superconducting substrate. Via the superconducting proximity effect 15 , the Cooper pair will tunnel into the semiconductor and generate the swave superconductivity in the semiconducting wire.
The one dimensional spin-orbit coupled s-wave superconducting nanowire can be modeled as H nw = H 0 + H ∆ 33,37 , where
H ∆ = ∆ˆdk(a k↑ a −k↓ + H.c.).
(
Here ξ k = k 2 /2m − µ where k is the momentum and µ is the chemical potential, σ x and σ y are spin Pauli matrices, α and β are the Rashba and Dresselhaus spinorbit strengths, ∆ is the s-wave gap function and
T where a k↑ (a k↓ ) is the annihilation operator for spin up (down) electron. We have exerted a perpendicular magnetic field V z on the wire and considered the Zeeman effect.
In the Nambu basis
Here τ x , τ y and τ z are the Pauli matrices in the particlehole space. It is known that the BdG Hamiltonian Eq. (2) satisfies particle-hole symmetry, Ξ −1 H(k)Ξ = −H(−k), where Ξ = σ x K and K is the complex conjugation operator 3, 4 . The topological property of this BdG Hamiltonian can be examined by the Pfaffian invariant,
Therefore, a topological quantum phase transition occurs when
z , P = −1, the gap is dominated by the magnetic field and the wire is in the topological phase with Majorana fermion at the ends of the nanowire. For µ 2 + ∆ 2 > V 2 z , P = 1, the gap is dominated by pairing with no end states. In this work, we study the case where the nanowire is in the topological phase. This can be realized by putting the chemical potential inside the energy gap. The low energy theory of the Hamiltonian Eq. (1) can then be obtained as follow. Diagonalizing the Hamiltonian H 0 , we get two energy bands, ε ± (k) =
z . For these two bands, the eigenstates are
respectively, where tan θ = α/β and tan γ k = α 2 + β 2 k/V z . When the magnetic field is dominant than the spin-orbit interactions (V z α, β), the spins will be forced to be nearly polarized within each band. Because the chemical potential lies within the gap, only the low energy band is near the Fermi points and activated. We can thus restrict the Hilbert space to the lower band in this case. To achieve this, we unitarily transform the electron operator from spin basis to band basis,
is the creation operator for upper (lower) band. Then we neglect the upper band and obtain the low energy approximation of the Hamiltonian
Similarly, projecting the superconducting term onto the lower band |χ − (k) , we have
. Therefore, the low energy theory for the topological superconductivity in the spin-orbit coupled semiconducting nanowire deposited on an s-wave superconductor is exhibited by
. The Hamiltonian H nw is exactly the spinless p-wave superconductor and has been shown that 10 there exist unpaired Majorana fermions at the left and right end sides of the nanowire. The effective Hamiltonian for this piece of the system is
where γ L/R is the Majorana operator at the left/right end side and t ∼ e −L/l0 describes the coupling energy between the two MFs, L is the length of wire, and l 0 is the superconducting coherence length.
We next focus on the tunneling transport of Majorana nanowire described by H mf . Guided by the typical experimental setup in which the leads are made of gold, we view electrons in the leads as noninteracting. We then apply time-dependent bias voltages on the left and right leads respectively. This can be physically described by
where s = L, R, and c p,s is the electron annihilation operator for the lead. Here ξ p,s (t) = ε p,s − eU s (t), where ε p,s is the dispersion relation for the metallic lead and U s (t) is the time-dependent bias voltage on the lead. Note that the occupation for each lead is determined by the equilibrium distribution function established before the time-dependent bias voltage and tunneling are turned on. The tunneling between the leads and the wire is dependent upon the geometry of experimental layout and upon the self-consistent response of charge in the leads to the time-dependent bias voltages 24 . We can simply express the tunneling as
where i, s = L, R, and V pi,s (t) is the tunneling strength. Therefore, the Hamiltonian for the experimental setup of Fig. 1 can be described by
III. NEGF METHOD FOR THE MAJORANA CURRENT
The Keldysh nonequilibrium Green function technique is used very widely to describe transport phenomena in mesoscopic systems. In the tunneling problem formulated in Sec. II, we consider the time-dependent bias voltages and tunneling strengths. This is essentially a nonequilibrium problem and can be treated by the Keldysh formalism. In this formalism, the leads and the wire are decoupled and each part is in thermal equilibrium characterized by their respective chemical potentials at t = −∞. We first adiabatically evolve the system by the total Hamiltonian H from t = −∞ to t = +∞, then evolve the system back in time from t = +∞ to t = −∞, and calculate the physical quantity during this evolution. Finally the system is back in the initial state at t = −∞. This procedure eliminates the uncertain state at the asymptotically large time in the nonequilibrium theory. The time loop, which contains two pieces: the outgoing branch from t = −∞ to t = +∞ and the ingoing branch from t = +∞ to t = −∞, is called Keldysh contour. Below we will use the Keldysh NEGF method to study the Majorana current in the tunneling transport.
A. general formula
We study the Majorana current from the left/right lead to the wire. The current is given by the changing rate of charge in the lead, I s = −e Ṅ s , where s = L, R, N s is the number operator in the lead, N s = p c † p,s c p,s . The bracket denotes the ensemble average with respect to the Hamiltonian of experimental setup H. The commutation relations of electrons and MFs are {c p,s , c † p ,s } = δ p,p δ s,s and {γ i , γ j } = 2δ i,j , and zero otherwise. Using the Heisenberg equation, the current from the lead to the wire is
where G < ip,s (t, t ) = i c † p,s (t )γ i (t) is the lesser component of the Keldysh Green function
Here operator T K orders the times along the Keldysh contour with earlier times occurring first.
To proceed, we express the coupling Green function G ip as a product of Green functions for the lead G p and the wire G ij . Via the equation of motion (EOM) method 38 , we have
where
are the Green function of the wire and the free Green function of the lead respectively. Here 0 is the ensemble average with respect to the Hamiltonian of lead H s . The integration is taken on the Keldysh contour. Therefore, via the Keldysh Green function method 38 , we can get the lesser component of the coupling Green function Eq. (10) by analytical continuation,
where G R and G A are the retarded and advanced Green functions. The expressions for the free Green functions G 0 can be found in the Appendix B. Substituting this lesser Green function into the current formula Eq. (8) and using the expressions for the free Green functions, we arrive at
where f s (ε) is the Fermi function. The time-dependent level broadening matrix is given by
where the density operator is ρ(ε) = p δ(ε − ε p,s ). Here we have explicitly indicated the energy dependence of the tunneling strength V pi,s (t). It is easy to check that the broadening matrix is Hermitian, Γ † s (ε, t 1 , t) = Γ s (ε, t, t 1 ). For the tunneling strength, by the wide-band approximation 24 , the momentum and time dependence can be factorized,
2 , where the level broadening matrix is
Below we assume that the tunneling strength is timeindependent and set u s (t) = 1. In the mesoscopic transport, the physical property is generally dominated by states near the Fermi level. Since the broadening matrix is usually slowly varying function of energy close to the Fermi level, we can assume that it is energy independent, Γ s (ε) = Γ s . This wide-band approximation captures the main physics of the tunneling problem and can be used to simplify the current expression Eq. (13). Therefore, the current can be further reduced to
Here
dt2Us(t2) and G <,R are the Green functions of the wire. The current has been separated in two parts: the outflux, I out s (t), which is easy to be identified since Γ s represents the rate at which an electron placed initially in the energy level of the wire will escape into the lead and
] is the number of particles in the wire; the influx, I in s (t), which is proportional to the occupation f s (ε) in the lead and to the density of states ρ(ε) = ImTr[G R (ε)] in the wire 26 . For the outflow, the lesser Green function can be calculated by the relation
where the explicit expression for the lesser self-energy Σ < (t 1 , t 2 ) is given in the Appendix A. Substituting Σ < into the lesser Green function, we have
Since Tr[Γ s AΓ s A † ] is real, the outflow can be finally written as
For the inflow, after some calculations, we obtain
The retarded Green function of the wire is deduced in the Appendix A. Here we only show the result,
where θ(t) is the step function. The broadening matrix and the hopping matrix are
where Γ L and Γ R are positive.
B. dc current response
We first discuss the current response to the dc voltages at the two ends, U L (t) = U L and U R (t) = U R . For the homogeneous system, A s (ε, t) and B s (ε, t) are time-independent and just the Fourier transform of the retarded Green function, A s (ε, t) = G R (ε − eU s ) and B s (ε, t) = G R (ε + eU s ). Substituting this relation into the outflow Eq. (20), we immediately have
where the particle and hole transmission functions are
, respectively. Similarly, the inflow can be written as
Here we have used the fact that the retarded and advanced Green functions are conjugated. By the definitions of the retarded and advanced Green functions, we have 38 . Substituting this relation into the inflow Eq. (25), we have
Therefore, for the dc case, the current is reduced to the Landauer-Büttiker formula 22, 26 ,
It is worth noting that due to the emergence of MFs, there exists a new transmission channel (hole-channel T h ss in Eq. (27)) in Majorana transport. This leads to the deviation from ordinary tunneling transport in the normal nanowire 22, 39 and renders the left and right currents asymmetric, Fig.  2 . We observe that only when
It is easy to check that when the hole transmission function T h ss vanishes, the current symmetry is recovered, I L = −I R . This scenario happens in the normal semiconducting nanowire 22, 39 , the Anderson model 40, 41 and the quantum dot systems 42, 43 . Therefore, the current asymmetry is a unique feature in the Majorana transport and may be served as an indicator of the emergence of the Majorana fermion. In the Majorana transport, we should define the current going through the wire as I = We now investigate differential conductance of the Majorana nanowire at zero temperature (β L/R = ∞). Without loss of generality, U L is fixed and we calculate the conductance dI/dV ∼ V , where V = U R − U L . After some straightforward calculations, we obtain that
Notice that when lead L decouples to the Majorana nanowire (Γ L = U L = 0), the conductance reduces to the one in Ref. 25 . Interestingly, we observe that a critical line peak from zero-bias conductance dip in the Γ R ∼ Γ L plane as shown in Fig. 3(a) . For Γ L , there exists a critical value Γ Lc = √ 2t, below which the zero-bias conductance always exhibits a dip as shown in Fig. 3(b) . Above this threshold, the zero-bias conductance undergoes a transition from dip to peak as shown in Fig. 3(c) . We also find that the ZBP becomes larger as the level broadening is increased. The U L dependence of conductance is also shown in Fig. 3(d) . It is easy to see that only when U L = 0, the peak is zero-bias, otherwise there is a shift in the V direction. We also study the finite temperature effects as depicted in Fig. 3 (e) and 3(f). As the temperature is increased, the scattering process occurs more frequently, thereby leading to a reduction of the conductance. The competing effect of voltage and temperature can be seen from the intersection of the conductance profiles as well. Notice that even in the dip region of Fig. 3(a) , the dip can become a peak at zerobias voltage as the temperature is increased as shown in Fig. 3(e) . Although the ZBP above is consistent with the Majorana interpretation, other mechanisms such as impurity, disorder, [44] [45] [46] or zero-bias anomaly of Kondo physics [40] [41] [42] [43] cannot be completely ruled out. In these cases, the currents at the left and right leads remain symmetric, while in the tunneling transport involving Majorana fermion, the currents are asymmetric. Therefore, the current asymmetry J can be served as an auxiliary criterion for confirming the existence of Majorana fermion in tunneling experiment.
C. ac current response
We turn to consider the current response to the ac voltages. The harmonic voltages at the two ends of the nanowire are U L (t) = U L cos ω L t and U R (t) = U R cos (ω R t + φ) respectively. When the voltage U R is enhanced, the current becomes less and less harmonic and finally saturates at high voltage as shown in Fig.  4(a) . The larger the level broadening Γ R is, the stronger the coupling between lead and nanowire is. This leads to a higher current response as shown in Fig. 4(b) . In Fig. 4(c) , we study the influence of frequency difference of input signals and find that a more complicated periodic pattern appears. The effect of phase difference is given in Fig. 4(d) . It is shown that the current response hits the peak when the two voltage signals are out-ofphase. We also study the temperature effect in Fig. 4(e) and get similar results as the dc case. The response to rectangular ac voltages are depicted in Fig. 4(f) . The upper plane is the voltage signals and the lower plane is the current response. It can be expected that in each plateau, the current response is the same as the dc case.
IV. INTERACTION AND DISORDER EFFECTS ON THE MAJORANA TRANSPORT
The interaction and disorder effects on the topological property of the wire are significant. The disorder will destroy the transitional symmetry of the wire. We need to consider the Hamiltonian of the wire Eq. (1) in the real space,
We will use the bosonization method 29, 30, 32 to discuss the interaction and disorder effects in the wire. Generally, in one dimension, the localization length due to the disorder is of the order of the mean free path. It means that after bumping a couple of times on the impurities the electrons are localized 29 and the wire becomes insulator. However, when the superconducting pairing satisfies the condition Eq. (3), the wire is in the topological superconducting phase. This competing mechanism can be quantitatively studied by the renormalization analysis of the densitydensity correlation function of the wire.
A. brief introduction of bosonization
left and right movers representation
To obtain the low-energy properties of the wire, we can deal with excitations close to the Fermi surface. Since the chemical potential µ lies within the gap, only the lower band ε − (k) is activated and there are only two Fermi points ±k F in the energy spectrum. We can linearize the dispersion relation close to each Fermi points. In one dimension, because the low-energy particle-hole excitations have both well-defined momentum and energy, this will lead to two species of fermions: left and right moving fermions. We then replace the original model by one where the energy spectrum is purely linear. This is nothing but assuming that the density of states is constant.
We start with writing the field operator of the Hamiltonian in the left and right movers representation. By the unitary transform a ks = ν s|χ ν (k) a kν where s =↑, ↓ and ν = ±, we transform the field operator ψ s (x) =
ke ikx a ks from the spin basis to the band basis and neglect the upper band due to the low-energy approximation. Then we can express the field operator in terms of the left and right movers as
where the left and right movers are
We now express the Hamiltonian in the left and right movers representation. By linearizing the energy spectrum near the Fermi points and neglecting the upper band operator of the kinetic energy term H 0 , we have (32) where the Fermi velocity is
Similarly, substituting Eq. (30) into the s-wave superconducting term H ∆ , we obtain
Here we only keep the slowly varying terms and the oscillating terms have been neglected 29 . We next consider the Coulomb interaction which can be formulated as
where the electron density operator is ρ(x) = s=↑,↓ ψ † s (x)ψ s (x). In the momentum space, the interaction can be recast into
Similarly, we put the Hamiltonian in the band basis (a k+ , a k− ) and neglect the upper-band operators, then the interaction term becomes
One should remind that the most efficient processes in the interaction are the ones that can act close to the Fermi surface. Particularly in one dimension, it is worth noting that the Fermi surface is reduced to two points ±k F thus allows us to decompose the interaction into three scattering processes. The first one is exchange scattering, where two electrons moving in the same direction collide and exchange their velocities; the second one is forward scattering, where two electrons moving in the opposite directions collide and keep moving in their original directions; the third one is the backward scattering, where two electrons moving in the opposite directions collide and move backward. Notice that the wave vector q for the forward and exchange processes is ∼ 0, and ∼ ±2k F for the backward scattering. It is easy to see that the forward and backward scattering processes are identical for the spinless fermion as the particles are indiscernible. Therefore, the interaction Hamiltonian can be expressed as the sum of the above scattering processes:
Using the definitions of the left and right movers Eq. (31), the interaction can be written as
where g 2 /2 = g 4 = V (0). Now we turn to study the disorder term. When the impurities are weak and dense enough so that the effect of each impurity is negligible, they can only act collectively. In this case, there are many impurities in a volume small compared to the scale of variation of the physical quantities but large compared to the distance between impurities. Physically it means that one can replace the original disorder by a coarse grained version. This coarse grained disorder is equivalent to a Gaussian disorder 29 due to the central limit theorem. The disorder potential U (x) can be treated as a random chemical potential on the impurity sites. Thus the disorder term can be formulated as
where the disorder potential satisfies Gaussian distribution
Here we assume that the impurity potential is short-range so that U (x)U (x ) = Dδ(x − x ). Fourier transforming the Hamiltonian and projecting it onto the lower band, we have
Again, the most important processes are the ones close to the Fermi surface. In one dimension, the disorder term can be thus approximated as
In the left and right movers representation, we have
iqx are two independent Gaussian random variables. Note that η(x) is real and ξ(x) is complex.
The correlation relations are η(x)η(x ) = ξ(x)ξ * (x ) = Dδ(x − x ), and zero otherwise.
bosonization of the Majorana nanowire
The Abelian bosonization formula 29, 32, 34, 35 is given by
where ψ L/R (x) is the massless Dirac field (fermionic) as shown in Eq. (31), and φ L/R (x) is massless Klein-Gordon field (bosonic). α is the short-range cutoff for the convergence of the continuum theory. Using the formula Eq. (44), the kinetic energy Eq. (32) can be bosonized as
We define two new variables,
(θ − ϕ), where the commutation relation is [θ(x), ϕ(y)] = iπsgn(y − x)/2. The Hamiltonian H 0 then becomes
For the s-wave superconducting term, substituting Eq. (44) into Eq. (33), after bosonization it can be written as
Similarly, the Coulomb interaction Eq. (38) in terms of the field θ and ϕ is
The bosonic form of the disorder term Eq. (43) is given by
Notice that in one dimension, the effect of Coulomb interaction just leads to the reparameterization of the kinetic energy H 0 . The interaction can be absorbed into the kinetic energy, then we arrive at the following Hamiltonian for the Luttinger liquid,
where the Luttinger parameters are
Here y 2 = g2 2πν F and y 4 = g4 2πν F . Furthermore, we observe that the first term in Eq. (49) is equivalent to a random gauge potential which can also be absorbed into the Hamiltonian of Luttinger liquid Eq. (50) via replacing ϕ(x) by ϕ(x) − K u´x dyη(y). Finally, we achieve the bosonized Hamiltonian of the interacting wire with Gaussian disorder H nw = H sG + H bws , where
The Hamiltonian H sG is the sine-Gordon Hamiltonian which is well-known to have Kosterlitz-Thouless phase transition 47 . The superconducting term ∆ couples to the field θ(x) favoring a superconducting ground state, however, the disorder term couples to the field ϕ(x) and tends to pin the charge density to the disorder potential 35 . Therefore, we can expect the disorder system undergoes a topological phase transition as the interplay of superconductivity and disorder.
B. influence on the Majorana transport
In general, we can use the perturbation theory to calculate the correlation function, for instance,
Hnw , to study the physical property of the interacting disorder wire. The average for a system with a disorder potential U can be treated by the replica method 29 as follows,
where O(ϕ) is some observable of ϕ. We need to perform the functional integral over the n-copies of replicas ϕ i and the Gaussian distributed random variables ξ and ξ * . The Gaussian distributed disorder potential is p(ξ, ξ
D´d xξ(x)ξ * (x) and the action of the disorder system can be achieved by the Legendre transformation of the Hamiltonian H nw ,
By integrating out the Gaussian random variables ξ and ξ * , we arrive at
(56)
The details of calculation of correlation R(r 1 − r 2 ) by the replica method Eq. (55) is given in Appendix C. After some calculations, we find that the perturbation result is plagued by divergence which is notorious in one dimension. However, although the correlation is infinite, it should be independent of the change of short-range cutoff α because it characterizes the physical properties of the system. This peculiar property suggests the use of the renormalization group method 29, 35 . Particularly, by expanding the superconducting and disorder actions to the first leading order, changing the short-range cutoff α → αe l and keeping the correlation function unchanged (see Appendix C for details), we obtain the RG flows as follows,
where y ∆ = α∆ sin γ k F /u and y D = αD cos 2 γ k F /πu 2 . From the flows of y ∆ (l) and y D (l), we can see that when K(l) < 1/2, y D (l) is relevant, the system is in the random-pinned change density wave phase; when K(l) > 3/2, y ∆ (l) is relevant, the system is in the superconducting phase. When 1/2 < K(l) < 3/2, both y D (l) and y ∆ (l) are relevant. In order to be consistent with the perturbation condition, the flows can be chosen to stop at l * when max [y D (l * ), y ∆ (l * )] = 1. Using this criterion, the phase diagram in this K(l) interval is obtained as shown in Fig. 5(a) . Only when the parameters are in the shadow region, the Majorana fermions remain. In Fig. 5(b) , we plot the phase boundaries with respect to different initial K(0) and find that the topological superconducting phase becomes larger as K(0) increases. Therefore, when K(l) < 1/2 or when 1/2 < K(l) < 3/2 as well as the parameters are in the shadow region of Fig. 5(a) , y ∆ is relevant and the Majorana transport is preserved, otherwise the disorder strength D will destroy the transport.
V. SUMMARY
We have used the Keldysh formalism to comprehensively study the multi-lead tunneling in Majorana nanowire with or without short-range Coulomb interaction and disorder. A zero-bias dc conductance peak appears in our layout which implies the existence of Majorana fermion and is consistent with previous experiments on InSb nanowire 17 . We find that since the MF is a fermion that is its own antiparticle, there exists a hole transmission channel which makes the currents asymmetric at the left and right leads. This current asymmetry may be used as a criterion for detecting the Majorana fermion. For the ac voltage, we find that the current response is enhanced in step with the increase of level broadening and the decrease of temperature, and finally saturates at high voltage. The effects of shortrange Coulomb interaction and disorder to the Majorana transport have been considered via bosonization method and renormalization group analysis. We find that there is a topological phase transition in the interplay of superconductivity and disorder. In the topological superconducting phase, the Majorana transport remains, otherwise the transport will destroy in the non-topological insulator phase. which lead to the closed forms for G pj,s (t, t ) and G pj,s (t, t ) respectively. Therefore, substituting Eq. (A6) and Eq. (A7) into Eq. (A4), we have
where the self-energy is Σ s = Σ e s + Σ h s . The electron and hole self-energy are given by
We now study the retarded component of the selfenergy Σ
By the wide-band approximation, the retarded selfenergy is
Substituting the free retarded Green function into Eq. (A13), the retarded self-energy for electron becomes
Similarly, the retarded self-energy for hole is
Therefore, the retarded self-energy for the Majorana nanowire is
where 
Substituting Eq. (A16) into it, we arrive at [i∂ t − 2it + iΓ(t)]G R (t, t ) = 2δ(t − t ), which leads to the solution to the retarded Green function
Next we study the lesser self-energy of Majorana nanowire, Σ
By the Eq. (A11) and making use of the definition of the free Green function and the level broadening matrix, we obtain
With the wide-band approximation, the lesser self-energy for the wire can be further reduced to
(A20)
Appendix B: useful formulae for the free Green functions
We first study the free lesser Green function
By the equation of motion method, we find that this Green function satisfies the differential equation,
is just the equilibrium Fermi function for the free electron with energy ε p,s : G 0< p,s (t , t ) = if s (ε p,s ) = i/(e βsεp,s + 1). Therefore, we get
Similarly, it is easy to check that
We now calculate the retarded and advanced Green functions for the free electron 38 . By the relations,
, and substituting the free lesser and greater Green functions into these relations, we finally arrive at
The average 0 is performed for the Luttinger Hamiltonian H Lutt in Eq. (50). These correlation functions can be calculated by the following formula 29 :
where r = (x, uτ ) and s = (x , uτ ). Notice that the correlations are nonzero only when the coefficients A i and B i satisfy the neutral conditions: i A i = 0 and i B i = 0, otherwise the correlations are vanishing. The functions , I + (r 1 − r 2 ) = 2πF 1 (r 1 − r 2 ), I − (r 1 − r 2 ) = π cos 2θ r1−r2 .
(C9)
Finally, we obtain that the R D term is 
where θ r is the angle between the vector r = (x, uτ ) and the x-axis. Notice that the δ(x) term in Eq. (C8) makes x and uτ inequivalent in R D term. Thus the space and time are asymmetric and have to be renormalized separately. We set F t (r 1 − r 2 ) = F 1 (r 1 − r 2 ) + t K cos 2θ r1−r2 ,
where t parameterizes the anisotropy between the space and time directions, and t = 0 in the original Hamiltonian but will be generalized during the renormalization due to the δ(x) term. Therefore, keeping the zeroth order term of t during the renormalization, the correlation for the whole Hamiltonian should be R(r 1 − r 2 ) = e . It is worth noting that R(r 1 −r 2 ) is structurally identical to the correlation function of Luttinger Hamiltonian Eq. (50), R 0 (r 1 −r 2 ) = e −a 2 KFt(r1−r2) | t=0 . Quantitatively, this structural similarity can be achieved by re-exponentiating Eq. (C12), and comparing with R 0 (r 1 − r 2 ). We find that an effective Luttinger Hamiltonian with renormalized K eff and t eff shown below will generate the same correlation of the original Luttinger Hamiltonian (without disorder and superconductivity), 
Note that generally the Luttinger parameters K eff and t eff are divergent in one dimension. However, since the Luttinger parameters determine the correlations and thus physical properties of the system, they should be independent of the short-range cutoff α. It is necessary to keep the divergent Luttinger parameters as constants to preserve the physical properties of the system. Therefore, we can use the following renormalization procedure to extract useful information from these infinities. For K eff , by writing the integral´∞ α =´α 
Similarly, for the t eff , we have
For the form of F t (r), a renormalization of t is equivalent to a renormalization of the velocity u by
Therefore, we have
Given a set of initial parameters, the Hamiltonian with parameters generated by the above renormalization flow equations is in the same phase. Thus we can use these renormalization flows to depict the phase diagram of the system.
